We propose a scenario of gauge-string correspondence by relating the SU(3) colour group to hidden space-time isometries originating from extra dimensions. 
Introduction
The gauge-string correspondence is a profound hypothesis and a promising approach In practice, however, things are far more complicated. First of all, if an open string is to describe the gluon dynamics, its spectrum has to contain 8 massless vector bosons.
It is well-known that a perturbative open string spectrum has only one massless physical excitation, a photon, which has no colour. Although this complication can be corrected ( somewhat artificially) by introducing the appropriate Chan-Paton's factors (such as GellMann matrices), this is only the beginning of sorrows. The main and fundamental problem in identifying a QCD string, is that a spectrum of a normal open string contains an infinite tower of massive states, in addition to the photon. These states appear as intermediate poles in any Veneziano amplitude (including the scattering of massless gauge bosons), so there is no way to separate the gluon dynamics from massive string modes. For this reason, the Veneziano amplitude for the massless gauge bosons in superstring theory has little to do with the scattering amplitudes of gluons in QCD, since the latter do not, of course, have anything like an infinite set of indermediate massive states. This complication has an underlying geometrical reason. That is, the standard open string theory lacks an important symmetry that, however, is present on the gauge theory side. Namely, while the string theory is only invariant under reparametrizations with positive Jacobians (that do not change the worldsheet orientation), the Wilson loop is also invariant under the orientation change [1] , [1] , [2] . Technically, the loop equation satisfied by < W (C) >, is the consequence of the zigzag symmetry. It is easy to check that Ward identities for perturbative string theory in flat space-time background do not reproduce the loop equation, indicating the absense of the zigzag symmetry. In other words, a stringy description of QCD requires the presense of closed subalgebra of massless vertex operators of gluons and, as a consequence, the field-theoretic behaviour of their scattering amplitudes (including the absense of the intermediate poles in correlation functions and OPE).
In the supersymmetric case, this problem can be partially solved by the AdS/CFT correspondence, which is a special case of the gauge-string correspondence ( see e.g. [3] , [4] , [5] , [6] ) However, the formalism developed in the AdS/CFT framework is incomplete.
First of all, it mainly works in the large N limit, which has little to do with realistic gauge group of QCD, such as SU (3) . In addition, the AdS/CFT correspondence only gives an isomorphism between closed string vertex operators (such as a dilaton) and gauge-invariant observables on the QCD side, such as T r(F 2 ). This correspondence is incomplete; for example, it can't be used to calculate gluon scattering amplitudes in QCD since , in order to describe the emission of gluons in string theory, one needs to use the open string vertex operators coupled to the gauge potential A m , rather than to the gauge-invariant fields. As we noted above, there seems to be no straightforward way to deduce such emission vertices from standard open string theory, or from the AdS/CFT approach. In this paper, we address the problem of the gauge-string correspondence, by constructing the massless vertex operators for the SU(3) octet of gluons and studying their scattering amplitudes. The key element of our construction is the set of very peculiar space-time symmetries (referred to as α-symmetries) present in non-critical RNS superstring theories [7] , [8] . These symmetries are realised non-linearly and are closely related to the presence of hidden space-time dimensions. Typically, they mix the matter and the ghost degrees of freedom in superstring theory; in particular, the variation of the matter part of the worldsheet RNS action is cancelled by that of the superconformal ghost part under the α-symmetry transformations .
The alpha-symmetry generators are the BRST-invariant picture-dependent primary fields which can be classified in terms of the ghost cohomologies H n ∼ H −n−2 (n = 1, 2, ...) [7] .
Typically, for each the cohomology H n ∼ H −n−2 (n = 1, 2, ...) in d-dimensional non-critical string theory contains n + 2 generators, one d-vector and n + 1 scalars. For each given n these operators induce the subset of α symmetries stemming from separate hidden spacetime dimension, enhancing the space-time symmetry group and increasing the effective space-time dimensionality by one unit. The α-symmetry generators from the first n coho- This paper is organized as follows. In the next section we review the classification of the α-symmetries in terms of the ghost cohomologies and their relation to the hidden space-time dimensions. In the section 3 we concentrate on the extra dimensional subset of the α-generators, not intertwining with the symmetry generators of visible space-time. We show this subset of the α-symmetries to form SU (3) subgroup and construct the octet of gluon vertex operators in the adjoint of SU (3) by acting with the appropriate α-generators on an open string photon.Next, we discuss the OPE structure of these vertex operators and the closedness of their operator algebra, implying the underlying zigzag symmetry.
In particular, the absense of massive intermediate poles in their scattering amplitudes is explained by the special property of the α-symmetry generators to annihilate the massive states (typically, if an α-generator is applied to any string excitation other than massless, a BRST trivial operator is produced).In other words, the α-symmetry works like an "Occam's razor", shaving off the massive intermediate states and restoring the zigzag symmetry. In the section 4 we calculate some of the 4-point scattering amplitudes of the gluon vertex operators and show them to have a field-theoretic structure, consistent with the zigzag symmetry (no massive poles). In the concluding section we discuss the implications of our results and the directions for the future work.
α-Symmetries, Ghost Cohomologies and Hidden Dimensions
In our recent works [8] , [7] we have shown that non-critical RNS superstring theories are invariant under the set of unusual non-linear space-time transformations, not at all evident from the structure of their worldsheet actions. That is, consider the worldsheet action of d-dimensional RNS superstring theory given by
where ϕ, λ, F sre the components of the Liouville superfield, , X m , m = 0, ..., d − 1 are the space-time coordinates,ψ m ,ψ m are their worldsheet superpartners; b, c, β, γ are the fermionic and bosonic (super)reparametrization ghosts bosonized as
This action is obviously invariant under two global d-dimensional space time symmetries -Lorenz rotations and translations. One can straightforwardly check, however, that in addition to these obvious symmetries the action (1) is also invariant under the following non-linear global transformations, mixing the matter and the ghost sectors of the theory [7] :
with the generator of (3) given by
The integrand of (4) is a primary field of dimension 1, i.e. a physical generator. While it is not manifestly BRST-invariant (it doesn't commute with the supercurrent terms of Q brst ) its BRST invariance can be restored by adding the appropriate b-c ghost dependent terms according to the prescription described in [8] The special property of this generator is that it is annihilated by Γ −1 and has no analogues at higher pictures, such as 0, −1 and −2 (but has versions at higher positive pictures +2, +3, ... which can be obtained by the standard picture-changing) The physical operators with such a property are referred to as the positive ghost cohomology H 1 , [7] , [8] . For the sake of completeness, we recall the definition and basic properties of the ghost cohomologies discussed in [7] , [8] . The positive number n ghost cohomology H n (n = 1, 2, ...) consists of physical (BRST invariant and non-trivial) vertex operators violating the picture equivalence, existing at picture n and above, that are annihilated at their minimal positive picture n by the inverse picture changing operator Γ −1 = c∂ξe −2φ (higher than n pictures of such operators are related by the usual picture changing). Similarly, the negative number −n ghost cohomology H −n (n ≥ 3) consists of physical (BRST invariant and nontrivial) operators that exist at picture −n or below, that are annihilated by the direct picture changing operator Γ =: e φ G : at the minimal negative picture −n (here G is the full matter + ghost worldsheet supercurrent).
The operators of H −n at lower than −n pictures are related by the usual picture-changing.
There is an isomorphism between positive and negative ghost cohomologies H n ∼ H −n−2 as any element of H −n−2 (typically having the form ∼e −(n+2)φ F matter at the minimal negative picture) has a representation in H n obtained by replacing e −(n+2)φ → e nφ (with the matter part unchanged) and adding the b − c ghost counterterms (by the prescription described in [8] ) in order to protect the BRST invariance. The usual picture-independent observables, existing at all pictures, including picture 0 (at which the superconformal For this reason, the picture −3 version of (3) is an element of negative ghost coho-
It is not difficult to show that, just like the operator (3) (the element of H 1 ) generates the space-time symmetry transformations (2) of the RNS action (1), similarly the picture −3 generates the symmetry transformations identical to (2) (with e φ replaced by e −3φ ). The corresponding generators are given by
and
For simplicity, the expressions for L mα and L α− are given in the limit of zero cosmological constand and zero dilaton field so one can ignore the effect of the background charge; the corresponding expressions accounting for the Liouville dressing, are somewhat longer and given in [7] .
The appropriate space-time transformations are given by
.
The generators (5), (6) (4) - (6) and (9) it isn't difficult to check that that
Note that, as the SO(d, 2) group of translations and rotations for non-critical RNS strings is identical to the isometry group of the AdS d space, the H 1 ∼ H −3 generators (4)- (6) from the first nonzero ghost cohomology are simply the stringy analogues of the off-shell symmetry generators from hidden space-time dimension, observed by Bars in the 2T physics approach [9] , [10] , [11] .
It is straithforward to generalize the results to the case of the higher ghost cohomologies of the orders 2 and 3. The general rule is that each ghost cohomology 
with the matter+Liouville structures L and F (L 1 , F 1 and F m 1 ) being the primary fields of dimensions 2 and 
and F 2 (λ, ϕ) being the primary field of dimension 5:
. Combined with the matter + Liouville Poincare generators of SO (2, 
with the additional matter+Liouville blocks given by:
Combined with the space-time Poincare generators (9) and with the α-generators of two lower ghost cohomologies, the α-generators (14), (15) but such operators commute with the photon (thus producing no new gauge bosons) and do not seem to have any straightforward analogues in the matter sector. At present, we do not know of any elegant and compact prescription to construct such operators and, even if such higher order α-symmetries exist and can be found, there is no evidence they could be interpreted in terms of extra dimensions, like those of the first three cohomologies. On the contrary, if one is able to show that there are no α-symmetries (pointing at extra space-time dimensions) in the ghost cohomologies H n ∼ H −n−2 for n > 3, this may be an interesting interpretation of the SU (3) strong interaction group in the language of extra dimensions. At present, at least, there is no compelling pro or contra evidence for the α-symmetries (and related hidden space-time dimensions) originating from the ghost cohomologies at levels higher than 3.
Construction of gluon emission vertices
In this section, we concentrate on the subgroup of the the α-symmetry generators (4) - (6), (11) - (15) 
Physically, these generators correspond to the α-isometries of hidden space-time dimen- Since L α− annihilates the photon, one can set
as the subgroup of 9 scarar α-generators is applied to the RNS Hilbert space. In particular this implies that any of the remaining 8 generators can be shifted by an operator proportional to L α− . Given the constraint (16) it is now straightforward to show that SU (3) is induced by the following eight linear combinations of the α-generators of H n ∼ H −n−2 ; n = 1, 2, 3:
Here L 1 and L 2 are the Cartan generators, three operators F ± and F 3 are in the lowering subalgebra of SU (3) while G ± and G 3 are in the raising subalgebra. The commutators of the operators (17) are straightforward to compute by using the commutation relations 
with the z integral taken over the worldsheet boundary. since the OPE's involving the operators fron nonzero cohomologies are generally picturedependent [8] . Still, it is easy to check that the annihilation of photon by L α− holds for the H 1 representation as well. The full BRST-invariant picture +1 representation of L α− can be obtained from its picture −3 version by changing −3φ → φ and adding the b − c ghost dependent correction terms in order to protect its BRST invariance, using the prescription described in [8] , so the complete expression for the picture +1 representation
where the second contour integral in (19) is taken around an arbitrary point w, U L is the dimension 4 operator which depends only on the super liouville fields ϕ and λ (and therefore the corresponding term does not contribute to the commutator of L α− +1 with V
ph ) and we denoted the ghost-Liouville dependent operator
for the sake of brevity. We also have skipped the correction terms proportional to ∼ (z − w) 2 e φ (...) of b − c ghost number zero, as these terms depend on Liouville and ghost fields only, automatically commuting with the picture zero photon.
The evaluation of the commutator of L α− with the photon at picture zero gives:
Finally, for the sake of completeness, we also note that the commutator of V α− at the H −3 representation with the photon at picture −1 (and subsequently all the pictures below) produces the BRST trivial result:
This constitutes the proof of the annihilation of V ph by L α− .
On the contrary, the remaining eight scalar α-generators acting on V ph produce new physical states of H n ∼ H −n−2 , n = 1, 2, 3. Thus the
on the piture zero photon, producing the vertex operator V α+ , the massless gauge vector boson of the same ghost cohomology:
This operator is the element of H −3 . Its H 1 version is straightforward to obtain by replacing −3φ → φ and adding the b−c correction term using the prescription of [8] . For the sake of completeness, the explicit expressions for some of the remaining gluon operators are given below:
where W ph (k) = ( A∂ X + i( k ψ)( A ψ))e i k X is the integrand of the photon vertex operator at picture zero. The explicit expressions for the vertex operators V γ− and V αγ are quite lengthy (due to more complicated structure of the appropriate α-generators) and we will skip them here for the sake of brevity, as we won't use them in any further calculations in this paper. These expressions, if needed, are straightforward to obtain by applying cohomology representations H n (n = 1, 2, 3) are straightforward to obtain either by the direct isomorphism construction described in [8] or (much easier) by replacing (−n−2)φ → n and adding the correction terms using the formalism described ibide. In particular, some examples of manifest expressions for positively represented gluons will be considered in Section 5. In the following sections we will discuss the OPE properties and the structure constants of the gluon vertex operators (22), (23) and analyze their scattering amplitudes.
Gluon Vertices: Structure Constants and Closeness of the Operator Algebra
In this section we analyze the structure constants (3-point functions) of the operators (22), (23). In particular, the remarkable property of the operators (22), (23), which we will prove below, is the closeness of their operator algebra, related to their underlying zigzag symmetry, reflecting the relevance of these operators to the gauge theory dynamics and gauge-string correspondence. Using the explicit expressions for the operators (23), it is in principle straightforward to calculate their structure constants. There is no need, however, in the direct calculation (not hard but somewhat long), as the form of the constants is actually fixed by the α-symmetry. Consider the 3-point correlation function of the standard open string photons:
where, for the certainty, V ph taken in unintegrated form and W m are the dimension 1 integrands of the integrated photon operator: W n = e −φ ψ n e i k X at picture −1 and W n = (∂X n + i( k ψ)ψ n )e i k X at picture 0 (note that the extra term ∼ γψ n e i k X in the picture zero expression for the unintegrated photon is ignored here since it doesn't contribute to the 3-point function; two photon operators in the correlator (24) must be taken at picture −1 and the third one at picture 0). With the correlation function (24), the OPE of two dimension 1 photon operators is
where we have skipped BRST trivial tachyonic term of the order of (z − w) −2 . The W (N) (q)-operators appearing in the higher order terms of the OPE (25) correspond to the massive poles in the Veneziano amplitude (after the appropriate on-shell conditions on q are imposed) Structurally, these operators have the form
where U N+2 is some polynomial in X and ψ of conformal dimension N + 2 and the on-shell condition for W (N) (corresponding to the mass of the appropropriate physical pole in the Veneziano amplitude) is given by
Note that, apart from the color related factor, the structure constants C n lm in front of the photon simply reproduce the 3-gluon vertex of QCD. The next step is to apply α-transform to the both sides of the OPE (25). For the brevity, it is convenient to write
where L i stands for any of eight SU(3) α-generators (17) -
are the corresponding gluon vertices and T ij k are the SU(3) structure constants. Consider the OPE of two gluon integrands of dimension 1:
with k and p being the on-shell momenta of 2 photons and T i , T j are the integrands of 
is BRST-trivial for any ( q) 2 = 0. For brevity,below we will give the proof for the case
the proof is totally analogous for all other SU(3) α-generators.
To simplify things further, it is more convenient to take the massive operators of the right-hand side of (25) at the unintegrated b − c-picture, that is,
(since the unintegrated and integrated vertices are related by the BRST-invariant Ztransformation [12] , [8] , any (non)triviality statement proven for an unintegrated vertex, applies to the integrated one as well) The BRST-invariance condition for the vertex operator (31) implies
where
we apply the α-transformation by L α+ to the both sides of (33) obtaining
where we used the commutation relations (34), as well as : γZ α+ :=: γe −3φ :=: c 2 := 0.
Substituting the identity (32) we cast the equation (36) as
But {Q brst , cU 
, the corresponding operator in the OPE of two gluons is given by
picture. This operator is invariant for all values q, both on and off-shell (as a matter of fact, it is exact for all ( q) 2 = 2N + 2). In the special off-shell case ( q) 2 = 0 using (37) along with the commutator (33) gives
as the second term in the commutator (40) vanishes due to (33) and (37). Thus : U α+ N+2 + U N+2 Z α+ : is BRST-invariant and therefore, in view of (40), the identity (36) can be written as 
This concludes the proof that the α-transformation of any massive physical operator by L α+ is BRST-exact. The proof is completely analogous for any other α-generator L k ; k = 1, ..., 8, so the generalization of (42) for an arbitrary α-generator transforming a massive physical operator, is
with the operators
This constitutes the proof of the closeness (and, accordingly, of the underlying zigzag symmetry) of the gluon operator algebra (30). Speaking metaphorically, the α-symmetry transform, applied to the OPE of photons, acts like an Occam's razor: it shaves off the infinite tower of the higher order on the right-hand side (leading to massive poles in scattering amplitudes) protecting the zigzag symmetry of the photons turned gluons. In the following sections we will use this "lex parsimoniae" to directly compute the 4-point scattering amplitude involving the gluons.
Zigzag-Invariant vs. Veneziano amplitudes: technical remarks
Using the results of the previous section (zigzag symmetry of the constructed gluon vertex operators and the closeness of their OPE (30)) it is now relatively easy to calculate N-point scattering amplitudes of gluons with higher number of vertices (N > 3) from string theory, despite a complicated formal structure of the vertex operators (22), (23).
Since all the massive intermediate states appearing in the operator product of any two gluon operators are BRST-trivial, they do not contribute to worldsheet correlations, so only the massless gluon vertices appearing on the right hand side of the OPE (multiplied by the 3-gluon structure constants) are relevant. Therefore we can use the simplicity of the zigzag-invariant operator algebra of gluons to compute their correlation functions by bootstrap. This calculation (which can be generalized to higher number of scattering gluons as well as to include the loop corrections) will be performed in the section 6 of this paper. Before we proceed with the calculations, however, it is instructive to make few technical comments concerning the structure of the 4-point amplitude.
As our principal calculation of the 4-point amplitude is almost independent on the arguments of this section, a reader, not interested in the technical details, can skip it and go directly to the Section 6, where this calculation is presented.
As we already noted above, we expect the 4-point amplitude of gluon vertex operators Since these operators are the elements of nonzero ghost cohomologies, they do not exist at arbitrary ghost numbers and one has to be careful to ensure the correct balance of ghost numbers to cancel both superconformal ghost number anomalies (equal to +2 for the φ-field and −1 for the χ-field), in addition to the b − c anomaly. And this is where the difference strikes.
Consider the 4-point functions of the gluon operators (22), (23) with two of them being in the positive and two in negative ghost cohomology representations (for the reasons explained in [8] any correlation function involving the picture-dependent operators always has to involve the operators from cohomologies of opposite signs). The peculiar property of operators in positive cohomologies is that they only exist in the integrated form, as the b − c correction terms that ensure the overall BRST invariance of the positive cohomology elements can only be constructed in the integrated case [8] . This is related to the fact that in the negative. The negatively represented operators are taken in the unintegrated form and are given by the integrands of the appropriate expressions of (22), (23) 
where the z-integrals in the correction terms are taken around some point u of the worldsheet boundary (which can be fixed to zero by the SL(2, C) symmetry) and P
φ−χ is conformal dimension 3 polynomial in the derivatives of φ and χ defined according to
with L being an arbitrary given function of arbitrary n fields φ 1 (z), ..., φ n (z) (L = φ − χ in our case). The conformal
(F 2 , X, ψ, φ, χ, σ) are the polynomials in the worlsheet fields F 2 (ϕ, λ), L 2 (ϕ, λ), X, ψ, φ, χ, σ and their derivatives. They have complicated explicit form but fortunately their manifest expressions are not needed for any calculations in this paper. These expressions can be obtained straightforwardly by evaluating the fifth order non-singular terms in the operator products:
: ce 2χ−2φ : (z) :
: ( z + w 2 ) + ...
: ce 2χ−2φ : (z) : be 5φ−2χ { 1 120 P
2φ−2χ−σ (∂F 2 − 10 3
27 2
The ghost number anomaly cancellation condition then determines that the 4-point correlator is given by the crossterm contribution of the basic term (proportional to e 3φ )
in one of two positively represented operators (V γ+ or V βγ ) and the correction term in the second (proportional to ce 2φ+χ ) , as the ghost factors of the negatively represented unintegrated operators, V αβ (z 3 ) and V α+ (z 4 ) are given by to ce −4φ and ce −3φ respectively (with z 3,4 being the locations of the operators). Using the SL(2, C) symmetry, we can fix z 1 = 0, z 3 = 1, z 4 = ∞, so the resulting double integral for the 4-point function consists of the terms with the structure The integration in z can be done analytically if Re{c} ≥ −1 and the answer is given
The subsequent integration in u is also possible, if Re{b} > 1 leading to long and cumbersome combination of terms with the structure
where m 1 are integers running from 1 to 6, P m 1 (a, b) are polynomials in a and b (lengthy and different for each m 1 )
The overall number of terms turns out to be annoyingly huge, as the already cumbersome manifest expressions for the gluon vertices (22), (23), (45) 
Computation of the 4-point Amplitude
In this section, we compute the 4-point gluon scattering amplitude:
using the closeness of the OPE (30). We have Then using (25) and (28), the 4-point correlator (49) is written as
where the structure constants C n lm ( p 1 , p 2 ) are given by the photon 3-vertex (25) and the α-generator insertion (related to the colour group theoretic factor) is transformed to This concludes the calculation of the 4-point amplitude of the gluon-vertex operators.
This amplitude is manifestly cross-symmetric and the factors in numerators (quadratic in the structure constants and hence quadratic in the momenta), along with the transversality constraints on the polarization vectors, protect it from the double poles. The grouptheoretic factor is easily recognized as ∼ T r(t i 1 ...t i 4 ) (with t i k being the SU(3) generators), as one would expect for QCD amplitudes. The bootstrap calculation performed in this section, based on the zigzag invariance of the OPE of the gluons, can be generalized to include higher number of points and, in principle, the loop corrections as well.
Conclusions
In this paper we have considered a new example of gauge-string correspondence, constructing eight SU ( It should be stressed here that the gauge-string isomorhpism discussed in this paper
is not an analogue of AdS/CFT duality, since the latter is the correspondence between strongly coupled region of QCD and perturpative region of string theory in AdS background. The example of gauge-string correspondence constructed in this paper is the one between perturbative QCD amplitudes and perturbative amplitudes in open string theory, similar to the correspondence between D-instanton expansion in twistor string theory and perturbative expansion in N = 4 super Yang-Mills theory, observed by Witten [13] and elaborated in [14] , [15] and other works. It would be interesting to understand the connection between these two examples of gauge-string isomorphism, as well as the relation between twistor superstrings and RNS model. Interestingly, twistor superstring theory with SU (2, 2|4) global symmetry emerges naturally in the context of 2T physics [16] , [17] and extra dimensions, where Berkovits-Witten theory results as one of the holographic pictures of 4 + 2-dimensional string theory, obtained as a result of 2T gauge fixing. We already have mentioned that the first order α-generators of H 1 ∼ H −3 (related to the first hidden space-time dimension) are in one-to-one correspondence to the off-shell space-time symmetries observed in the 2T approach [9] , [7] . This appears to be an interesting project where many intriguing connections can be anticipated. The construction discussed in this paper has so far involved the open string operators only. The role of the ghost cohomologies, α-symmetries and their analogues in the closed string sector is yet to be understood. Such an understanding would be particularly important since beyond the tree approximation the Yang-Mills theory, with all the loops included, is described by the closed string amplitudes.Clarifying the geometrical meaning of closed string ghost cohomologies could particularly connect our formalism and AdS/CFT approach. Interestingly, the AdS/CFT correspondence generally does not fix a gauge group which depends on various parameters on string theory side (such as the number N of RR-flux units in case of duality between SU (N ) × SU (N ) gauge theory and type IIB strings in warped resolved conifold backgrounds [6] . Our model, however, suggests that the SU (3) case is special, as it is related to the structure of extra dimensional α-symmetries classified the first three cohomologies. It is not clear at present if the there are α-symmetries in ghost cohomologies of orders higher than 3 and (if yes) if they have any geometrical meaning like those of SU(3). If one proves that the set of α-symmetries contained in the first three cohomologies is complete, this may indicate that we have certain new specific form of gauge-string duality in the case of N = 3. We hope to address these questions (along with many others) in future works.
